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Assignment P7.1 Indefinite Integration: Substitution, Parts & Reduction Formulae

ASSIGNMENT P7.1

Indefinite Integration: Substitution, Parts & Reduction Formulae

Focus Topics: Trigonometric, Euler-type and reciprocal substitutions, integration by
parts and the e"{f(z) + f'(x)} form, partial fractions, reduction formulae, with a
passage on the beta function.

Section A: Single Correct Choice
[Q1-Q4] Each question has four options (A), (B), (C) and (D). Exactly ONE option is

correct.
d 1-2
Q 1. If In = /<x2_|_xa2)n, then ]TH-I + Tn . ?In is equal to:
T 1 1
A ——— B .
( ) (1'2 + az)n ( ) 2na2 (I’2 + aQ)n—l
1 1 1 T
C . D .
(©) 2na®  (x? + a?)" (D) 2na®  (x?2 4+ a?)"
n _q
Q2. 1L, = / ;Zmz dz, then I, _, + % Tn_s.2-m is equal to:
sin” 1z 1 sin” !z
A) — B .
(4) coim—1 T o (B) m — % cosm—l1 x
sin" t«x n— sin" tx
(©) (D)

n—1 cosm g m—1 cosm1g

Q 3. On making the appropriate substitution from Column 2, the integral in Column
1 reduces to an integral in Column 3.

Column 1 Column 2 Column 3
2dx dt
A P) sinx = I
( )/sin?):r;—i—BSin:c (P) sine =1 ()/(2t2—1)(1+t2)
2sinx + sin 2% dt
B —t| (1 /
B) | Gsine —sinzg @@ | Qeose=t 11D | o i
4sinx dt
(©) / sindz (R) tanz =1 | (II1) / (1—2)(1— 262
1 —sin?zx T —dt
(D) / sin? z — cos 2z dz | (8) tan 2 t] V) / (1—12)(1+2t2)
V) / 2dt
22+ 1)1+
Select the CORRECT combination.
(A) A-P-III (B) B-S-V (C) C-P-1V (D) D-S-1I
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Q4. Let I, = /de If f(z) =nl,—4(n—1)I,_5 for n > 2, with f(1) =0,
then for the values of n in Column 1, match Columns 2 and 3.
Column 1 | Column 2 Column 3
(A)n=2 | (P) f(-1)= (1) -1
B)yn=3 | (Q )hmx”“f( )= (1)1
(C)n=4 | (R) hmx f(z) = (III) n
_ flz) _
D)n=>5 | (S) lim = (IV)
Select the CORRECT combination.
(A) A-S-I (B) B-R-II (C) CP-1V (D) D-Q-II

Section B: One or More than One Correct

[Q5-Q9] Each question has four options (A), (B), (C) and (D). ONE OR MORE options
may be correct.

Q5. 1If
1 1—z+a2)(1 2) 1 o2
/( +2) (1 —2+2*)( +x+x)+x)dng(m)+c
1+ 2x + 322 + 423 + 3z + 225 + 26
and g(1) = In2, then which of the following is/are true? (c is the constant of

integration and [-] is the greatest integer function.)
(A) g(x) is an increasing function for all x > —1.
(B) [9(99) —9(3)] = 3.

(C) g(z) is a periodic function.

(D) 9(6) —g(7) > 0.

Q6. If / COS; e dr = In (f(x)) + g(z) + ¢, where ¢ is the constant of

integration and f(z) is positive, with f/(0) = 2, f(0) = 1 and ¢(0) = 0, then
which of the following is/are correct?

—sinzx+1—=x

(A) f(z)+ g(x) is an even function.

(B) f(x)— g(x) is an increasing function.

(C) f(z) —g(x ) is neither increasing nor decreasing.

(D) If h(z) = e* — f(z) — g(x), then the maximum value of h(z) is 1.
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Assignment P7.1 Indefinite Integration: Substitution, Parts & Reduction Formulae

Q7. If

=sec” ! |f(2) +ec,

/( (L4 %)(@—1)de

)\/934—:E3+x2 (x* 4 23 + 2?)

then:

(A) the local maximum value of f(z) is —2

(B) the local minimum value of f(z) is 2

(C) the range of f(z) is R\ {0}

(D) f(m) < fle)

?—r+1 . . .

Q8. If /73/2 e’dr = e*f(z) + c and f(0) = 1, then which of the following

(z2+1)
is/are true?

(A) f(z) is an even function (B) f(z) is a bounded function
(C) the range of f(z) is (0,1] (D) f(z) has two points of maxima
Q9. Let 4> =322 + 2z + 1 and I, = / Y dz. Tf alyy + bly + cls = 2%, then:
Y
(A) a+b=49 (B)b+c=28
(C)a—b+c=20 (D) b* — ¢* =280

Section C: Numerical Answer Type

[Q10-Q15] The answer to each question is a numerical value: an integer, or a decimal
rounded off to two decimal places.

Q 10. If

/ (e* —1)sinz — (e* — 1 — x) cosx
1+ (e*—1—x—cosz)(e®* —1—x+cosx)

z—0 z—0

where c is the constant of integration and lim g( ) =0. If lim <f(:v) + g(:E)) =
x

T, where m,n € N, then the minimum value of m + n is

n

Q11. If

/( dx T \/ECOS(x+Z)+COSQ$+d’

secx + tan x + cosec x + cot x)z a b c

then the value of |a + b+ ] is

Visit: www.mathemission.in (341)



www.mathemission.in

Assignment P7.1 Indefinite Integration: Substitution, Parts & Reduction Formulae

Q 12. If

dy _ P -1 : -1 ~ -1
/W,—y—l—Qtan y—l—Rsm(Stan y)+Tsm(4tan y)—i—C’,

8
then the value of P — §Q — 2R+ S —32Tis

20+ 3 1
13. If IR S ., -
Q13 /x(az+1)(a:+2)(x+3)+1dx ¢ fz) where f(0) and c is the

constant of integration, then the value of f(1) is

Q 14. For z € (0,7), if

tan xy/secz (1 + cos® x)
dr =2¢/f(x)+1+c
Vcosz + sin’ z /(@)

and f (%) = 2 then [f (g)} is_ . (Here [-] denotes the greatest integer
function.)

Q 15. If

[ = A [ (s VE) (- 20) + VaVI= ]

then A is equal to

Section D: Linked Comprehension Type

[Q16—-Q17] Each passage is followed by two linked numerical-answer questions.

Q 16. Passage: Recovering the Integrand

Let f(z) be a polynomial function of degree 2 satisfying

2 1 2 2 1
M0 o —1m ++| L2 (H) ‘e
./L' —

r—1 V3 V3

where C' is the constant of integration.

Answer the following:

16.1 The value of f(5) is

6
16.2 Let /(H;md(sin x) = g(x) + K, where g(x) contains no constant

term and K is the constant of integration. Then 1tlirr}2g(7f) is equal to
—T
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Q 17. Passage: The Beta Function

2" (1 — 2)" ! dr depends

on m and n; it is denoted by f(m,n) and called the beta function. For

1
If m > 0, n > 0, the definite integral [ = /
0

example,
1 1 45/2 1
/ ' (1 — 2)° dx = B(5,6), / v d.r—ﬂ(7,>.
0 0 V1—=x 22
Clearly S(n,m) = f(m,n).
Answer the following:
2m 2n 1 1
1711f/ 0 sin 0d9—ﬁ<m+,n+ > then u + v + w equals

dx, then k is equal to

1721{/ e —k/

Section E: Matrix Match Type

+.Z' m+n

[Q18-Q19] Match each item in Column-I with its corresponding entries in Column-II. An
item may match one or more entries.

Q 18. Match the following (c is the constant of integration).

Column 1 Column 11
1
(A) /(tanx)1/3d:c: (p) A= 1
4 42 1 22_1
n% + Btan™! < t ) + ¢, where
@/+1) V3
t =tan'/3x
sin x + sin® x 1
B / dr = A==
( ) cos 2x v (q) 3
Acosxz + Bln \/§cosx—|—1‘+c
\/ﬁcosx—l
1
(©) A=,
dx 1 (T
/( 1) (22 5 4) = Atan" " z+ Btan (2)+c
T T
® y © 5=
11—z .1 2z
/(1+x2)mdm_A\/§Sln <x2—|—1>+c
3
t) B= ——
(t) Wi
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Q 19. Match the following (c is the constant of integration; z > 0 in (C)).

Column I Column I1
(A) / (:c r_:oi x) cosec’ z dr = (p) A=1
Acot™ 'z + B cosect c
secx

(B)/\/x+\/x2+2dx: (q) B=—1

A S T5\3/2 B
g(x—i— . +2) (x+m)1/2
(C)/\/ Y= AVI—7 - (r) B =2
Bln< _x+zfm>_

I/_:i _1<2x+1>+i

sin 2x -
(D) /sm Ipepra—— dx = B cot 1<tan2m)+c (s) A=—-1

+c
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Answer Key: Assighment P7.1

o B A ol oI
>
vs]

ABC
9. ABCD
10. 5
11. 4

ANSWER KEY

12. 8
13. 5
14. 0
15. 2
16. 16.1 17

17. 17.1 6

18. (

(
19. (
(
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Hints and Solutions: Assignment P7.1
Q1. (D)

d
Integrate I,, = / 1- M by parts:
T x? T )
n = m —1—271/ (2 +a2)n+1d$ = 2+ @) + 2n (In —a Lﬁ-l) )
9 B T ) 1=2n 1 _ 1
Hence 2na In+]_ = m -+ (277/ — 1)In, 1.€. In+1 —+ on . g n = g
x
(22 4+ a?)"
Q2. (B) .
. 1 sinx 1
Integrate by parts with u = sin” ™" x and dv = dr,sov =
cos™ x (m—1)cosm 1tz
and du = (n — 1)sin" 2z cos x du:
sin" !z n—1 [sin" 2z sin" ! n—1
Iy —m= - T = - In 22 m.
’ (m—1)cos™ 1tz m—1J cosm 2z (m—1)cos™ 1tz m—-1"7
-1 1 san—1
Hence I,, _,, + L]n_2 9, = o ® )
’ m—1 ’ m—1 cos™ 'z
Q3. (B)
(A) sin3z+3sinz = 2sinz (1 + 2 cos? x); with cosz = ¢, dv = —-2= | the integral
—dt
b / CA-QIV.
ecomes. |y (1 1oy O
2sinx +sin2x 14 cosx 1 2dt
B = ; with tan £ = ¢ this i d dx = :
(B) Gsinz —sin2r 3 —cosa o2 BB e MM T T e
P 1 dt
sin x
C = ; with sinz = ¢, dov = % / :
(©) sindr  coswcos2z 0 OE T h 0T Gocgy SIVINE (1 —1t2) (1 —2¢t?)
C-P-III. .
(D) sin’z — cos2z = 2sin®*x — cos®z, so the integrand is ————; with
2tan“z — 1
tane = ;| at DRI
nx =t: : D-R-1.
(22 — 1) (1 +t?)
Of the options, only B-S-V is correct.
Q4. (C)
Differentiating,
) =" (241" 4n—-1)2+1)"7  d [@2+1)"" (@2 -1)
x) = - = —
pntl n—1 dx n ’
and f(1) = 0 gives
(@ + )" (2 - 1)
fz) = . :
x
For every n > 2: f(—1) = 0 (IV); 2" f(z) — n (III); 2"f(x) — —1 (I);
f(z)

== > lasx — oo (IT). So P-1V, Q-III, R-I, S-II, and only C-P-1V is correct.
xn
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Q5. (A, B)
The numerator is (1 + z) (z* + 222+ 1) = (14 2) (1 + 22)* and the denominator

1
and, with g(1) = In 2,
x

g(x) = In(1 4+ ). It increases for x > —1 (A); g(99) — ¢(3) = In25 ~ 3.22, so
[9(99) — ¢g(3)] = 3 (B); it is not periodic (C false), and ¢(6) < g(7) (D false).

factorises as (1 + )2 (1 + 22)°. So the integrand is .

Q6. (B, D)
Write the numerator as (e* + cosx + 1) — (¢ + sinz + x). Then the integrand is

(e +sinx + z)’ . .
-1 =e” hich h =1, f(0) =2
P , 80 f(x) = e*+sinz+x (which has f(0) , f'(0) ) and

g(x) = —x. f+g=e€"+sinz is not even; f — g = e + sinx + 2z has derivative
e* +cosx + 2 > 0, so it is increasing (B, not C); h(z) = ¢ — f — g = —sinuz,
whose maximum is 1 (D).
Q7. (A, B)
R | (1- ) d |
Divide inside: the integrand equals (for x > 0). With

(z+12) (x+%>2—1

du
u= x4+ thisis / ——— =sec 'ul,s0 f(z) = z+21. f has alocal maximum
—2 at x = —1 and a local minimum 2 at x = 1; its range is (—o0, —2] U [2,00)
(C false); f increases for z > 1, so f(7) > f(e) (D false).

Q8. (A, B, C)

d e’ e 1 B x B :c—:c—l—l
w\vite) S \Vire ara?) Car

So f(a) = —=— (and f(0)

maximum at x = 0.

= 1): even, bounded, range (0, 1], with a single

Q9. (A, B, C, D)

d 9 8 /
. (2%) = 928y +2%y = Y Y With y? = 322+ 2x+1 and yy' = 3z +1:
L Y

d /gy 92°Ba®+2r+1)+2°Be+1) 302" + 1927 4 92°
4 (7'0) = y - Y '
Soa=30,b=19,c=9:a+b=49, b+c=28,a—b+c=20,b — = 280.

Q10. 5

Let w = ¢ — 1 — x. The denominator is 1 + u? — cos?

x = u? + sin®z and the

L . od 4 u
numerator is u'sinz — ucosx. Hence the integrand is d—tan -  f =
x sin x

e*—1—z tan~ !z x e —1—ux
tan~! and g(x) = _7—>0.Then7—>1andg(): y
sin x x rsinx

1 3
5,50% §andm+n—.
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Q11. 4
With s = sinx + cos z:

1+sinz 14 cosx 1+s 2(1+s) 2

sec r+tan x+cosec r+cot x = + - = — = = .
CoS T sinx sin x cos & 52 —1 s—1

—1)2 2 in2x — 2 1 in2 i
So the integrand is (s . ) _ +sm4x S 25_*_81114 x_smx—;—cosx’and

+d.

2 8+ 2 2

r cos2r cosx —sinxr T \/ECOS<1'+§) cos 2
/_ - N 2 e

Thus a =2, b=2, c = —8 and |a+b+c|:.

Q12. 8
Put y = tan 8: the integral becomes

cos® @ 1 . .
/Sin29d9—/(m29—3—|—381n 6 — sin 9>d9

15, 1 1
:—cot@—gﬁ—§Sin29—3—2sin40+0.
SoP=-1,Q=—2 R=—-1,8=2T=—g5and P-3Q—-2R+5—32T =
~1+5+1+2+1=[8]

Q13. 5
wz+3)z+1)(@+2)+1=(2432)(22+3z+2)+1=(22+3z+1)°, and
1

2z + 3 is the derivative of 22 + 3z + 1. So the integral is ¢ —

243041
f(x) = 2%+ 3z + 1 (with £(0) =1) and f(1) =|5],
Q14. 0
, sin
Let ¢ = cosx, so dc = —sinx dr and tan z./secx = R Since cosx + sin?z =
C
1+c—c?,

/ / 1+C B /(1+2>dc
03/2\/1—1—0—02 %_04_1.

Withw = 1—c+1, dw = — (C% + 1) de, so the integral is 24/w, i.e. 2y/secx — cosx + 1.
Hence f(z) = secx — cosz + k; f(g) =2—-3+k= % gives k = 0. Then
)= = o [1 (5] =10

Q15. 2
The denominator is 5, so the integrand is isim1 Vo — 1. With s =sin™! /,

/sml\/_d:v—xs—f/ dx—— (1—2x)s+ \/’\/ﬂ

Multiplying by %: % {—5(1 —2z) + x/1 — x} —1x,%0 A= .
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Passage 16
16.1: Differentiating the right side and multiplying by 2* — 1 gives f(z) =

r?—1x—3, sof(5):.

1-8 t—6 2
16.2: With ¢ = sinz, the integrand is v —t—t|—3 = Y FER——y = -7 +
2t — 1 sinx —sinz + 3
_. =1 li =In3d~|1.10|
t2—-t+3 So.g=n sin? x and tﬂlfrr}Zg(t) n3
Passage 17
17.1: Put sin?6 = x, 2sin 6 cos 6§ df = du:
/2 1 /1 1 1 1 1 1
2m - 2n m—% np—1
= - 1— S - -\
/0 cos”™ 0 sin”" 0 db 2/0( )" 2" 2 de 25<m+2, n+2>
Sou:v:w:2andu+v+w:@.
x o gm—l 1
17.2: Put ::/7d:/m‘11— "4y = B(m,n).
T (1 + x)mtn ‘ 0 © ( ?) @ = Blm.n)
Similarly the other integral is 5(n,m) = 5(m,n), so k = .
Q18
3% dt gtPdt 3 d
(A) With #3 = tanz, do = T 5O the integral is TiF =3 1::_ 33 (u =
1 1 — 1
t?). Partial fractions v + vt give fln vt
1+u? 3(u+1) 3(u?—u-+1) (u+1)
L 2u—1
?tanl 7 cA=1 B=" (p,s).
—(2—-c*)de ¢ 3 de o
B)Wlthc:cosx/ 5 1 5—1/02 l,glvmgA:%,Bzﬁ

Q

1 Y U
)@1+ncﬁ+4)_3<x%+1 aﬁ+4)‘4_3’ =~ (@)

D) Divide numerator and denominator by z? and put u = = + f: the integral

1 2 1
[ s = g S vomst = s Cl o AV2 =
A=1 (v).

(
(r, t).
(
(

becomes —
7
Q19
1
(A) The integrand is cosec® T — 112 % the integral is — cot x + cot™! x (up to
x

a constant): A=1, B=—1: (p, q).

22 2 2
(B)Withu:x—l—\/xQ—l—Z,x:uT,d :u2:—2 du: /\/_ u+ =
1
§u3/2 1—/2 A=1,B=2: (p, ).

G —
(C) Differentiating the right side reproduces vemrom exactly when A = 1,
x
B=2: (p,r).
d
(D) With u = tan®u: 1 +u 5 = tan~! (tan2 a:) = —cot™! (tan2 x) + const:
u
B = -1, (q).
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